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Neutron diffraction and y-ray rocking-curve measurements were performed on plastically deformed
single crystals of Cu in order to compare the mosaic distribution parameters obtained from least-squares
structural refinement with those seen by the y-diffractometer. Neutron data were collected at two wave-
lengths (2=0-538 and 0-741 A) for one crystal with very homogeneous mosaic distribution, and for an-
other crystal with less good but more typical mosaic structure data were collected for 2=0-538 A. Maxi-
mum sin §/4 was 1-52 A~ ! and maximum extinction correction was less than 30%. For the latter crystal no
comparison could be made between the two sets of observed distribution parameters because of the uneven
mosaic distribution. The former crystal was found from the y-ray measurements to be bent, but when this
was taken into consideration in the Coppens-Hamilton [Acta Cryst. (1970), A26, 71-83] formalism for
anisotropic extinction correction good agreement was found between mosaic parameters obtained by
y-ray and neutron measurements for directions not affected by the crystal curvature, whereas the structure

refinement did not, as expected, reflect the complete crystal curvature when this effect was dominant.

Introduction

It is at present possible to correct in a routine manner
for the effect of secondary extinction in X-ray and
neutron diffraction measurements on imperfect single
crystals, i.e. samples showing an integrated reflecting
power R,... somewhere in between the theoretical
values obtained from the kinematical and the dy-
namical theories of diffraction. Theories are available
(Zachariasen, 1967; Becker & Coppens, 1974) which
within the framework of intensity coupling describe
the relationships between the reduction in the ob-
served intensities with respect to the value expected
from the kinematical theory and the defect arrange-
ment in the crystal. If the parameters which describe
the defect structure in the sample are known, then in
principle the correction for extinction is straight-
forward. In practice, however, it is difficult to deter-
mine these parameters either because measurement
techniques are not available or because it is impossible
to describe the defect arrangement in the simple
analytical form to which the theory applies. Least-
squares refinement programs have therefore been set
up (Larson, 1969; Coppens & Hamilton, 1970) which
include extinction parameters as variables in the struc-
ture-refinement process. In general this approach
leads to a much improved agreement between ob-
served and calculated structure amplitudes even in
cases where the extinction corrections are a major part
of the calculated quantity. We are then however un-
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fortunately left with parameters for the description of
the crystal defect structure which either we cannot
check using independent measurements or we suspect
are physically meaningless. Thus in order to estimate
the validity of the theory as well as to compare various
theories we must in most cases have recourse to com-
parisons among agreement factors between observed
and calculated quantities or to a study of the values
of other parameters in the refinement, such as thermal
motion parameters, which are found to be sensitive
to the extinction correction.

Recently Bonnet, Delapalme, Becker & Fuess (1976)
applied the Becker & Coppens theory to the polarized
neutron technique and found the correction to be
quite adequate even for reflexions strongly affected
by extinction. The authors stress that investigations of
the behaviour of the flipping ratio are well suited to
study the effect of the assumed angular distribution
of the mean diffracting power & because they are free
of any scaling problem. Cooper & Rouse (1976) com-
pared the extinction theory of Becker & Coppens
(1974a,b; 1975) with their own theory (Cooper &
Rouse, 1970). For the comparison they used agree-
ment factors and temperature parameters as well as
the domain radius » and the mosaic spread parameter
g obtained with the two theories from data sets
measured for two samples with X-rays and neutrons
at a series of different wavelengths. The authors con-
clude that provided r is much smaller than the mean
pathlength T of the radiation in the crystal both ex-
tinction formalisms give good agreement for data at
any one wavelength, but that neither of the formalisms
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accounts correctly for the wavelength dependence of
the secondary extinction.

In this paper we do not intend to contribute to the
discussion on which theory is a better approximation,
but we do want to emphasize that all extinction theories
used in crystal structure refinements describe the de-
fect structure of the sample essentially on the basis of
Darwin’s (1914, 1922) mosaic model, which in general
is only a crude approximation to the real defect struc-
ture in imperfect single crystals. We feel strongly that
all discussion of the reliability of these extinction
theories is incomplete if it is not checked experimen-
tally that the defect structure of the investigated sample
can be described by a mosaic model. Cooper & Rouse
(1976) note that for the investigation of extinction
neutron diffraction studies have a number of advan-
tages. Firstly, the neutron scattering lengths are essenti-
ally independent of angle so that significant extinction
effects are not restricted to small Bragg angles. Ad-
ditionally, the absorption of neutrons in the sample
and the effects of primary extinction are usually
small. However, the samples are rather large and it
is not evident that the defect structure in these crystals
can be described on the basis of Darwin’s mosaic
model (see, for example, Schneider, 1976, 1977). If the
mosaic structure has inhomogeneities, especially of the
type B (Schneider, 1975a), the domain radius r and
the mosaic spread parameter g as determined from
structure refinements have no physical meaning.
Therefore one may question whether these two par-
ameters are suitable for a discussion of the reliability
of two different extinction theories, if it is not checked
that the crystal defects are statistically distributed
within the sample.

Mosaic distribution functions W(w) can be deter-
mined directly from rocking curves measured by
means of y-ray diffractometry (Schneider, 1974a,b), if
the fine structure in W(w) is large compared to the
horizontal divergence of the incident y-ray beam
(~10"). In a typical experiment the wavelength of the
y-radiation is 003 A making the absorption and ex-
tinction effects negligible. It is therefore possible —
at least for a few simple compounds — to carry out
measurements in which a direct comparison can be
made between mosaic distributions obtained from y-
ray rocking curves and the corresponding extinction
parameters obtained from structure refinements. In
order to make such a comparison we designed the
following experiment: A copper single crystal was
chosen as specimen, as this material can be plastically
deformed to obtain a well-defined mosaic distribution
(Seeger, 1965). The dimensions of the sample were
chosen in a range suitable for both y-ray and neutron
diffraction measurements. The samples were rather
strongly deformed so that firstly the mosaic spread
parameter could be expected to dominate the in-
fluence of the particle size parameter, and secondly so
that the extinction effect is not bigger than about
309, whereby the difference between the different
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theories of secondary extinction can be assumed to be
rather small.

y-ray measurements

The y-ray instrument is a single-crystal diffractometer
employing radiation with an energy of 412 keV (A=
00302 A, 44/A=10"°) from a radioactive gold source.
The beam is collimated into a cross section of 0-2 x
10 mm, corresponding to a horizontal divergence of
~ 10" and a vertical divergence of ~8'. Because of the
small Bragg angles the samples are studied in Laue
geometry and only lattice tilts contribute to the half-
width of the rocking curve (Freund & Schneider, 1972).
The wavelength is sufficiently small for possible defor-
mations of the rocking curves due to multiple Bragg
scattering to be avoided (Schneider, 1975b).

Large nearly perfect copper single crystals were de-
formed plastically by A. Freund (1975b) in order to
produce good neutron monochromators. A cube of
16 mm?* was carefully cut out of one of these crystals
by spark erosion and etched to the final dimensions
shown in Fig. 1. Rocking curves around w were
measured for the reflexions 111, 220 and 224 for a
series of azimuthal angles ¥ (as defined in Fig. 1), and
from this the integrated reflecting power was derived.
As the values found were always very close to the
kinematical value, the mosaic distribution W(w,) is
obtained directly from the Bragg scattered intensity as

W(wv)= - PH(wv)_B
Y. (Py(w,)—B)dw

v=1

b

where B represents the background, N is the number
of steps in the rocking curve and dw=w,,; —w, is
the step width in the w scan. Figs. 2 to 4, which show
mosaic distributions derived from the rocking curves

cross section of
the incident
Y-ray beam

0mm

<112>

360°
Fig. 1. Dimensions and orientation of the small copper ciy st with
respect to the cross section and direction of the incident beam of
the y-diffractometer. w is the rocking angle and y is the angle
describing the rotation of the sample around the scattering vector.
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for different azimuthal angles ¥ for the reflexions 111,
220 and 224, indicate that the mosaic structure of the
sample is rather homogeneous but extremely aniso-
tropic, the mosaic spread varying from about 5 to 30",

We have to emphasize though that this copper crys-
tal shows an unusually homogeneous mosaic structure.
Another slightly larger crystal of dimensions 3-5 x
3:5x 35 mm cut in a similar fashion to the crystal
discussed above was studied for comparison, and it
showed a much less uniform mosaic distribution. In
Fig. 5 a series of mosaic distributions W(w) is plotted
which was obtained from y-ray rocking curves for the
111 reflexion measured in a series of volume elements.
From y-ray measurements in a great number of crys-
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791

tals we have found that this type of mosaic structure
is representative of the majority of imperfect single
crystals used in neutron diffraction experiments.

Neutron diffraction measurements and structure
refinement

Neutron diffraction data were collected at room tem-
perature on the four-circle diffractometer D9 located
at the hot source of the Institut Laue-Langevin high
flux beam reactor. Pertinent data are summarized in
Table 1. Measurements were carried out on the two
crystals described above using wavelengths of 0-538
and 0741 A for the small crystal and a wavelength of

N

- 4210

<7 V4 - §=2025"
<7 - U=195"
—~ - U=1875°
7 7 7 T 7 7 A 4=180"
0 10 20 30 40 50 60 70 W

crystal rotation angle in minutes of arc

Fig. 2. Mosaic distributions W(w) deduced from y-ray rocking curves measured in the small crystal at the 111 reflexion for different azimuthal
angles . Cross section of the incident y-ray beam 0-5 x 10 mm, horizontal divergence ~30". The eight-shaped curve represents a plot in

polar coordinates of the FWHH = dw,, of W(w) as a function of .
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0-538 A for the large crystal. The monochromatic neu-
tron beam was obtained by reflexion from the (200)
plane of a Cu crystal in transmission geometry.
Coupled w20 step scans were used to record the re-
flexion profiles in the bisecting geometry, and the num-
ber of steps for each profile was 48. The steplength was
varied as a function of the Bragg angle so that ap-
proximately half the points were recordings of back-
ground. The crystals were mounted with the [111]
direction near, but not parallel to the ¢ axis of the dif-
fractometer, and all reflexions with h,k,1>0 were mea-
sured. The stability of the recording equipment was
monitored by measurement of two standard reflexions

W) ‘
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(111 and 400) at intervals of 25 reflexions, but no non-
statistical variation was observed. As a part of the
measurements rocking curves were made for the 222
reflexion for a series of y angles similar to the y-ray
measurements. The results are discussed below and
are represented in Fig. 7.

Profiles were reduced to F? values with the minimal
o(I)/I criteria (Lehmann & Larsen, 1974), where I is
the integrated intensity and o([f) its standard devia-
tion. Absorption corrections were applied by the Gaus-
sian numerical integration method followed by cor-
rection for second-order contamination. Both of these
corrections were very small and gave in all cases rel-

40 50 60 0 @

ratio~5

crystal rotation angle in minules of arc

Fig. 3. Mosaic distributions W(w) deduced from y-ray rocking curves measured in the small crystal at the 220 reflexion for different azimuthal
angles ¥. Cross section of the incident y-ray beam 0-5 x 10 mm, horizontal divergence ~ 30". The eight-shaped curve represents a plot
in polar coordinates of the FWHH = dw,, of W(w) as a function of y.
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Table 1. Summary of common crystal and experimental — ative changes in F? of less than 1%,. The data were

parameters for the neutron measurements corrected neither for thermal diffuse scattering nor for
Cu single crystals a=3-61496 A contributions from multiple Bragg scattering. ‘
Space group Fm3m Least-squares refinements were carried out using
Scattering length 0:76 x 10~ 12 ¢m the LINEX program of the Buffalo computing system
Wavelengths 2 (&) 0538 0741 {Coppens, 1975), which includes options for refine-
Maximum sin 6/4 (A~") 1-52 114 ment of extinction parameters following the theory of
Number of reflexions N 256 100 Becker & Coppens (1974, 1975). Quantities relevant
Absorption factor* g, (cm™?) 0-09 013

for the refinement as well as the refined parameters

are given in Table 2. The quantity minimized was
— 2 p2p2\2 : _ 2 :

* From Neutron Cross Sections (1955). S—ZZZVV(F" kFZ) Wlth. W"’ 1/[6 (counting)+

+ Estimated. ' (pF?2)*], where the summation is over all sets of ob-

1 Observed. served and calculated structure factors F,, F. and

Sccond-order contamination (%) 045t 0-85%

po
o

P
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0

crystal rotation angle in minutes of arc

Fig. 4. Mosaic distributions W(w) deduced from y-ray rocking curves measured in the small crystal at the 224 reflexion for different azimuthal
angles . Cross section of the incident y-ray beam 0-5 x 10 mm, horizontal divergence ~30". The eight-shaped curve represents a plot in
polar coordinates of the FWHH = dw,, of W(w) as a function of .
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where p in the weight equation was varied in order to
approximate the goodness-of-fit, [S/(N—b)]*/?, to a
value of one, with N and b the number of observations
and the number of variables respectively.

The extinction was, as discussed above, treated ac-
cording to the type 1 approximation, ie. mainly
determined by the mosaic spread in the crystal, and
with the guidance of y-ray rocking curves a Gaussian
description of the mosaic distribution was used. Re-
finements assuming isotropic extinction for both crys-
tals and anisotropic extinction for the large crystal
posed no problem and the results are given in Table 2,
but for the small crystal the tensor describing the an-
isotropic mosaic distribution was non-positive de-
finite preventing convergence in this refinement. Fol-
lowing Coppens & Hamilton (1970) the mosaic spread
parameter n(D) in the scattering plane orthogonal to
D (a unit vector in the crystal axis system) is given by
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11 1 1
D)= o)~ 27 wzoy? Y

where Z is the extinction tensor. By means of Z an
ellipsoid can be constructed which describes the an-
isotropic mosaic distribution. The curves plotted in
Figs. 2 to 4 giving the mosaic parameter as a function
of the rotation angle i around the scattering vector
for a given reflexion are sections through the centre
of this ellipsoid, so in the frame of the Coppens &
Hamilton theory the ellipsoidal description of the
anisotropic distribution is not adequate for this sample.
To improve the description an additional parameter
n* was introduced in (1):

nD)= Jm)ITD e @

giving a peanut-shell shaped surface. The extinction

~..

crystal rotation angle in minutes of arc

Fig. 5. Mosaic distributions W(w) deduced from y-ray rocking curves measured in a series of sections through the large crystal. Reflexion
111. Cross section of the incident y-ray beam 0-2 x 10 mm, horizontal divergence ~ 10". Distance between neighbouring sections 05 mm.
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Table 2. Final parameters from the neutron refinements

p, the weight factor, and g.o.f,, the goodness-of-fit, are defined in the text. The models are: I, isotropic, AP, anisotropic peanut-shell shape,
AE, anisotropic ellipsoidal shape for the mosaic distribution. The R values are

Ry =Z|F,—FJ|/ZF,

Ryr =(ZW|F,~F*[ZWF})'?
Re, =(ZIF; —F2|/ZF})'?
Ryp2=(EW|F;—FZ?/SWF3)'?,

The scale factor is arbritarily set to 1:000 for the anisotropic refinements. The temperature factor is defined from the structure-factor equa-
tion as F =4bc, exp [ —8nu(sin 6/4%)] where b, is the scattering length for Cu. The lowest E is the largest extinction correction in the set.

Standard deviations in this table and throughout the paper are given in parenthesis in unit of the last digit.

Crystal Small Large
AA) 0-538 0-538 0-741 0-741 0-538 0-538
%) 12 12 15 15 30 30
Model I AP I AP I AE
g.o.f. 126 1-04 236 0-98 1-47 1-40
Re(%) 09 0-8 13 0-6 17 17
Rwe(%) 13 1-0 1-3 0-6 17 17
Rp2(%) 1-8 1-5 28 1-2 34 33
Rwr2(%) 25 21 25 11 35 33
Scale 1-009 (3) 1-000 (3) 1-070 (6) 1-000 (5) 1-008 (5) 1-000 (7)
wA?) 0-00633 (3) 0-00627 (2) 0-00708 (8) 0-00648 (5) 0-00654 (4) 0-00648 (5)
gx 107! 40 (3) 74 (3) 53(2)
Zy x1073 16 (2) 17 (1) 49 (13)
Zyx1073 17(2) 17(1) 15(4)
Z43x 1073 18 (2) 20(1) 34(9)
Zyyx1073 =5(1) =5() —5(5)
Zy3x1073 0(1) 0(1) —16 (7)
Z,3x1073 —1(1) 0(1) —~72)
n*(") 380 380
Lowest E 0-86 0-81 0-64 0-67 0-69 070

g.o.f. 110>

| [

—o-~] ~o.

et

105 F 385
1 l A=0538 &
30
1041
-99f
-4 e [P B
A=0.74) A R

.98f 3I°
Fig. 7. Mosaic spread for the small crystal as a function of rotation
around the scattering vector 111: x —x — x cut through the mosaic
distribution deduced from the crystal structure refinement,
@-0-@ result obtained by y-ray diffractometry. O--O--O FWHH
.97 A 1 A 1 A 1 - of the measured neutron profile. 0-O0-O FWHH of the neutron
300 350 400 450 n* profiles after a Gaussian deconvolution of the measured profiles
with the resolution function of the neutron diffractometer, which
in agreement with direct measurements was estimated to have a
Fig. 6. Goodness-of-fit (g.0.f.) from the refinements of the data from FWHH of ~16'. The average standard deviation for the values
the small crystal as a function of the parameter #* defined in (2). derived from refinement results is 1'.

second of arc
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parameter g'(D) for a scattering plane orthogonal to
D is then given as

gD)= \/ =D 2D
—4n ")

This expression was incorporated in the least-squares
refinement, and refinements of the Z tensor were car-
ried out for a series of #* values. The goodness-of-fit
was used to indicate the quality of the agreement, and
Fig. 6 shows this quantity as a function of #*. Choosing
the midpoint of the very shallow minimum for the
short-wavelength curve and the minimum point for
the long-wavelength curve good agreement is ob-
tained between #* and Z;; for the two wavelengths,
but even a choice of #* equal to 425" corresponding
to the minimum goodness-of-fit for the short-wave-
length data does not influence the mosaic distribu-
tion parameters as represented in Fig. 7 by more than
at maximum 2'. The results of the final refinement
with n*=380" are given in Table 2, and the observed
and calculated structure amplitude for the three final
anisotropic refinements are given in Table 3.}

In order to test the stability of the refined param-
eters with respect to variations in the weighting scheme
additional refinements were carried out on the data
for the small crystal with W = 1/62 (counting) and W =
1, and all changes were found to be less than one stan-
dard deviation. Likewise low and high-order refine-
ments were carried out, where the low- and high-order
halves of the data were refined independently. This
time changes in the temperature parameter were
slightly higher with an increase for the low-order data.
However, for both wavelengths the change was less
than two standard deviations, i.e. less than 2%, of the
observed value.

Discussion

Table 2 summarizes the parameters obtained from the
three sets of neutron data. Before a comparison is
made with the results from the y-ray measurements it
is worth while discussing some features of these re-
finements.

First we note that the various R values are smaller
for the small crystal, despite the fact that from a
counting-statistical point of view the structure am-
plitudes for the two crystals were determined with ap-
proximately the same precision. As the extinction cor-
rections are only slightly bigger for the large crystal
it seems then most reasonable to attribute these dif-
ferences in R value to differences in the quality of the
mosaicity in the crystal, as the experimental conditions
for all the experiments were identical. From the y-ray
rocking curves shown in Fig. 5 we know that the large
crystal, rather than having a homogeneous distribu-

1 Table 3 has been deposited with the British Library Lending
Division as Supplementary Publication No. SUP 32563 (3 pp.).
Copies may be obtained through The Executive Secretary, Inter-
national Union of Crystallography, 13 White Friars, Chester CH1
INZ, England.
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tion of dislocations, consists of misaligned regions of
varying size, each representing a mosaic crystal in
itself. The large R values are therefore not surprising.
When the data for the large crystal are refined with
the anisotropic mosaic model there are only minor
improvements in the R values. For the small crystal,
however, where the mosaicity observed by y-ray dif-
fractometry is quite homogeneous and where we have
tried to introduce a distribution model in agreement
with observations, the anisotropic refinement leads to
a good improvement in the R values, especially for the
long wavelength where the corrections for extinction
are comparable with those for the large crystal. From
this comparison we conclude that the defect structure
in the large crystal is so different from what is assumed
in the mosaic model that the introduction of an aniso-
tropic mosaic spread represents only a minor change
in the model for the defect structure of the sample and
has therefore no effect on the R value.

Data collection was carried out at two wavelengths
for the small crystal mainly as a data collection con-
trol, and we do find that the extinction parameters
are insensitive to the change in wavelength when #*
is fixed. Another reason for collecting data at two
wavelengths was to follow the behaviour of the tem-
perature factor as a function of wavelength, although
it was not the intention of this study to make an ac-
curate determination of this quantity. As we did not
correct for thermal diffuse scattering and as the
detector aperture was kept the same for all measure-
ments, one would expect the contribution from this
effect to be larger at the lower wavelength, thereby
reducing the corresponding temperature factor
(Cooper & Rouse, 1968). This effect is observed for
the anisotropic refinements but in addition a large dif-
ference is found between the temperature factors for
the isotropic and the anisotropic refinements for the
small crystal at the long wavelength. This difference
seems to be correlated with the extinction correction.
Quite large differences in the extinction factor, E, are

<n>

anz>

rotation around 110>

rotation around <112>

Fig. 8. Mosaic spread for the small crystal as a function of rotation
around the scattering vectors (112) and <110) respectively:
x—x—x cut through the mosaic distribution deduced from the
crystal structure refinement. @-@—@ results obtained by y-ray dif-
fractometry.
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observed when the two refinements are compared. For
example for the series 0, 0, [, [=2,8 the values of E are
0-64,0-82,0-90 and 0-94 for the isotropic refinement and
090, 095, 098 and 099 for the anisotropic refine-
ment. This overcorrects some of the observed data at

[minutes of arc]
0 A

45F
4OF
35k

30r cross section of the

incident y-ray beam
25r

<>
20

[

y anz>
<1o>

mm

L |
1 1 1 [} 1 1 .
0 1 2 3 4 5 6
position in the crystal along <110>

Fig. 9. Location of rocking curves indicated by the FWHH as a
function of the measurement position in the crystal for a scan
of the crystal along 110. The dots indicate the centre of gravity
of the profile.

[minutes of arc]

R )

40f

35k

30r

25r cross section of the
incident y-ray beam

20r <>

15
<no>

1 0F

Imm <>
® X

1 1 1 pony
o

1 2 3 4 5 6
position in the crystal along <nZ>

Fig. 10. Location of rocking curves as in Fig. 9. This time a scan
of the crystal is made along (112).
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low angle, having as effect an increase in the scale
factor and the temperature factor.

Comparing the relative scale factors k, for the large
and the small crystals at the short wavelength where
the experimental geometry was identical, we find good
agreement between the ratio of the scale factors ob-
tained from anisotropic extinction refinement, ki, g/
keman= 1-830, and the ratio of the scale factors deduced
from counting times and crystal masses, Kiarge/ksman =
1-810, i.e. a difference of 1-1%,.

Temperature factors did not alter excessively be-
tween the various anisotropic refinements, but the
mean value of u=0-0064(2) A? is appreciably smaller
than values obtained from X and y-ray measurements
(Battermann, Chipman & DeMarco, 1961; Jennings,
Chipman & DeMarco, 1964; Hosoya & Yamagishi,
1966; Temkin, Henrich & Raccah, 1972; Freund, 1973,
1975a; Schneider, 1976), where the mean value is
0-0072(3) A2. This clearly indicates the need for cor-
rections for thermal diffuse scattering. On the other
hand, we do not find any large disagreement among
the results from the two crystals and so we can con-
clude that in this case the quality of the mosaic model
has only little influence on the thermal parameters.

Various cuts through the observable mosaic distri-
bution deduced from the crystal structure refinement
using expression (2) for the small sample are given
in Figs. 7 and 8 together with the corresponding re-
sults obtained by means of y-ray diffractometry. The
quantity given is the full width at half height (FWHH).
There is very good agreement between neutron and
y-ray results for the smallest diameter of the peanut-
shell-shaped mosaic distribution, but for the largest
diameter of the peanut shell there is a large discrep-
ancy. Some of the y-ray rocking curves, especially the
broader ones, have indications of a double peaked
shape, which can indicate that the lattice planes are
bent; this possibility can be checked easily by means
of y-ray diffractometry.

If, for example, we consider the case where the
(111) direction is parallel to the w axis of the y-
instrument, a series of rocking curves for the 220 re-
flexion can be measured in neighbouring volume ele-
ments of the sample by suitable choice of beam cross
section and crystal position. Fig. 9 shows the FWHH
of the rocking curves obtained as the sample was
studied in a series of sections orthogonal to (110}.
The FWHH is of the order of 15" and does not vary
much. The centre of mass of the profile, however,
changes its position on the w scale proportional to the
displacement of the sample and this indicates a bending
of the lattice planes of ~7' per mm, i.e. a total of 14’
in the crystal. After a rotation of the sample of 90°
around o, rocking curves for the 224 reflexion were
measured in a similar manner. There the FWHH,
shown in Fig. 10, is of the order of 30". The centre of
mass oscillates in an angular range small compared
to the FWHH, making it impossible to outline a con-
tinuous bend of the lattice planes. Measurements of
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the same type were performed on the y-diffractometer
with the {110) and the {112) directions parallel to
the w axis and the results are summarized in Fig. 11,
which shows an unfolded cube representing a model
of the crystal. Each surface is characterized by (hkl>
normal to the face. The results shown in Figs. 9 and
10 are indicated on the surfaces of the cube charac-
terized by {111) and {T1T). Along the {112 direction
we found no bending and the result is represented by
a straight dashed band orthogonal to the crystal sec-
tions studied and with a width proportional to the
FWHH of ~ 30’ of the rocking curves. From scanning
along (110> we deduced a curvature of the lattice
planes represented in Fig. 11 by the dark curved band
again orthogonal to the individual sections and with
a width proportional to the FWHH of the rocking
curves. In general in Fig. 11 bands are dashed in all
cases where the angle describing the curvature was
significantly smaller than the FWHH of the rocking
curves or where the centre of mass oscillated ir-
regularly. Fig. 11 shows qualitatively that the local
mosaic structure is indeed superimposed on a macro-
scopic curvature of the lattice planes. For example,
for the surface (111) in Fig. 11 the intrinsic mosaic
spread and the curvature of the lattice planes deter-
mined from rocking curves measured at the 220 re-
flexion add together linearly to the overall mosaic
spread measured at the 224 reflexion. This relation
also_holds for the two other directions {110} and
(1123. On the basis of these experimental results we
can now give a possible explanation for the observed
peanut-shell-shaped mosaic distribution and the agree-
ments and disagreements between neutron and y-ray
results. Let us first consider a plane parallel plate of a
perfect copper crystal bent cylindrically with the large
surface parallel to the (111) lattice planes. If one
measures rocking curves at the 111 reflexion in trans-
mission for azimuthal angles varying between =0
and 180° one finds two extreme values for the FWHH:
the largest value dominated by the overall curvature
of the lattice planes and the smallest value being very
close to the FWHH of the diffraction profile for a
perfect crystal, which in practice in y-ray diffractome-
try is equal to the angular resolution of the instrument.
If we assume the crystal to have a homogeneous mosaic
structure then the smallest FWHH is governed by the
intrinsic mosaic spread, whereas the largest value is
the sum of the broadening due to the curvature and
the local mosaic spread. A plot of the FWHH as a
function of the azimuthal angle ¥ will then give a
shape similar to a section through a peanut shell as
actually is observed in the small copper crystal.
Asaresult of these qualitative arguments the smallest
diameters of the peanut-shell shaped mosaic distribu-
tion shown in Figs. 7 and 8 are unaffected by the macro-
scopic bending of the lattice planes and therefore the
mosaic spread parameters obtained from the struc-
ture refinement of the neutron data of the small crystal
will be equal to the results obtained from y-ray dif-

EXTINCTION IN DEFORMED COPPER SINGLE CRYSTALS

fractometry, and good agreement is observed. For the
azimuthal angles Y corresponding to the large diam-
eters of the peanut shell it is plausible that the FWHH
of the y-ray rocking curves are larger than the mosaic
spread parameters from the structure refinement as
the extinction will mainly be governed by the in-
trinsic mosaic spread. A more precise discussion is
difficult for two reasons: First it is difficult to deter-
mine precisely the actual bending of the lattice planes
in the crystal by means of y-ray diffractometry and
second the extinction theories applied in structure re-
finements do in principle not apply to this crystal
with bent planes because the coupling constant
a(w,r) is now also a function of position in the crystal.

The macroscopic curvature of the lattice planes ob-
served by y-ray diffractometry in the small crystal is
probably due to the fact that for technical reasons the
crystal was deformed by pressing and not by pulling,
the last being in principle the better technique to ob-
tain a homogeneous arrangement of dislocations. Re-
cently further progress has been made in plastic de-
formation of large nearly perfect single crystals
(Freund, 1976), so that samples of copper, silicon and
germanium single crystals of homogeneous defect
structure and various mosaic spread can be produced
in a routine way. As shown by Hohlwein (1975), it is
easy to bend copper single crystals cylindrically up to
a radius of curvature of the order of 1 m without
disturbing the homogeneity of the mosaic structure in
the sample. It would be interesting to develop an ex-
tinction theory for such a crystal where o(w,r) could
be described analytically. A comparison of the ex-
tinction parameters from structure refinements of neu-
tron data measured at various wavelengths with the
results obtained by means of y-ray diffractometry
would represent a sensitive test of this further-devel-
oped extinction theory. As a bent mosaic crystal rep-
resents one of the simplest cases of a position-

k110>

i

SRS
wu

&

| AN

Fig. 11. Representation of the crystal cube. The cube is unfolded
and the faces are indicated by <hk!>. For a given (hkl) parallel
to the w axis of the y-diffractometer the width of a band on the
face (hkl) is proportional to the mosaic width in a crystal section
orthogonal to the band. Crystal curvature is indicated by the
lines being curved.
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dependent mosaic structure, such a theory could pro-
vide a much better understanding of the consequences
of inhomogeneities in the sample defect structure for
the reliability of the crystal parameters obtained from
structure refinement. This is important because prob-
ably for most of the imperfect single crystals used in
crystallographic measurement the simple mosaic model
is not a physically adequate description of the defect
structure.

Conclusions

A distribution of dislocations can be created in copper,
silicon and germanium single crystals by plastic de-
formation such that the mosaic model represents well
this type of defect structure, and therefore these
samples are well suited to a systematic study of ex-
tinction effects. As a result of the availability at the
Institut Laue-Langevin of very short neutron wave-
lengths of the order of 0-5 A, a rather large number
of independent reflexions can be measured even for
these simple compounds, so that normal structure re-
finements work well. Combining y-ray measurements
and neutron diffraction studies on single copper crys-
tals allowed us to carry out comparisons between
mosaic distributions as observed from y-ray rocking
curves and neutron diffraction refinements.

In order not do make any comparisons among the
various theories of extinction, we chose crystals
which only needed rather small corrections, not ex-
ceeding 309, but to get good agreement at first we
had to go to anisotropic extinction models; only after
the y-ray measurements had been well understood
could we introduce a physically reasonable model for
the anisotropy. We would therefore like to suggest
that mosaic distribution curves are used as a guide
for anisotropic refinement models. These can indeed
be obtained by a simple correction for the beam
divergence from the diffraction experiment, as was
done with some profiles obtained on the neutron dif-
fractometer, with the assumption that the rocking
curves are reasonably well shaped, and provided the
mosaic distribution width is similar to the instrumental
width. Finally we would like to suggest that these
types of compounds with well-defined mosaic distri-
bution as well as well-defined curvatures should be
used to develop further extinction theories, as for
these crystals defect patterns similar to but simpler
than the general real case are available.

We are indebted to Dr A. Freund for supplying us
with the samples used in this study and for critical
reading of the manuscript.

Note: At the stage of publication it was pointed
out to us by Dr R. J. Nelmes that the non-ellipsoidal
behaviour of the observable mosaic distribution is a
normal feature of the observable distribution in the
formalism of Thornley & Nelmes (1974). This for-
malism is based on a function P,(4,D) which describes

AC 33A-8

799

the probability of a mosaic block having a misorienta-
tion about any direction of such a magnitude that it
has a component 4 about D, and this is the adequate
description of an w scan for measurement of the inte-
grated intensity where all mosaic blocks pass through
the Bragg position. Normally this is assured by the
vertical divergence of the incident beam and a suffi-
ciently large detector aperture. As a result of the
Thornley—Nelmes theory the observable mosaic dis-
tribution is a fourth-order surface when the mosaic
distribution is ellipsoidal and the variation of # with
D will be very similar to the one introduced in (2).
Although the Coppens—Hamilton (1970) formalism in-
cludes in the probability function P,(4,D) only those
mosaic blocks having a misorientation A4 about D,
the difference between the results of the two models
is generally assumed to be small for weak extinction.

New refinements of the data for the small crystal
now using the Thornley—Nelmes formalism gave re-
sults which were in very good agreement with the
results obtained by means of the modified Coppens—
Hamilton expression for all parameters as well as for
the derived observable mosaic distribution. For the
three orthogonal sections shown in Figs. 7 and 8 the
maximum differences between the mosaic width for
the two models were at most 1’ corresponding to one
estimated standard deviation, and the R indices are
identical. Our conclusion would therefore be in the
present case that the anisotropy is so strong that it is
beyond the limit where the Coppens—Hamilton for-
malism works, and is not necessarily due to the curva-
ture of the lattice planes as we have assumed before.
However, we are left with the question of how the
space dependence of the coupling constant o(w,r) af-
fects the diffraction process.
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A Structure-Factor Least-Squares Refinement Procedure for Macromolecular Structures

using Constrained and Restrained Parameters
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A method of structure-factor least-squares refinement of constrained groups linked by distance restraints
has been developed for the refinement of macromolecular structures. Each constrained group can have
any number of variable dihedral rotation parameters within the group in addition to the rigid-body
translational, rotational and thermal parameters. The matrix of normal equations may be either full or
sparse and provision is made for solution by matrix inversion or the conjugate-gradient iterative method.
This procedure has been successfully used for 3 A data and should be applicable even for lower-resolution
data and especially for cases with a poorer data-per-atom ratio. The structure of yeast phenylalanine tRNA
has been refined with this procedure from a starting crystallographic R value of 42 % to a final R value of
259, with isotropic ‘group’ thermal parameters and 22 % with isotropic atomic thermal parameters for
8207 independent reflections at 27 A resolution. The proper stereochemistry of bond distances, angles
and van der Waals contacts for the restrained atoms was maintained within reasonable limits throughout
the refinement. Although originally developed for nucleic acids, this procedure is directly applicable to the
refinement of protein structures. In addition, a combination of applying distance restraints between
groups and least-squares fitting of these groups to target coordinates has been used purely as an idealization

process for imposing proper stereochemistry on an approximate model.

Introduction

As the number of macromolecules for which an ap-
proximate model has been derived by X-ray diffraction
methods has increased, several methods of structure
refinement have been tried.

To refine protein structures in real space, Freer,
Alden, Carter & Kraut (1975) automated the differ-
ence Fourier technique of obtaining shifts, and intro-
duced differential methods of calculating the slope of
the electron density at the grid points in conjunction
with imposition of restraints between cycles. Diamond

* Present address: Department of Structural Chemistry, The
Weizmann Institute of Science, Rehovot, Israel.

(1971) has devised a procedure for minimizing the
difference between an electron density map and a
model density map, calculated assuming a Gaussian
distribution of electron densities centered at the atomic
positions from the current model, by changing only
torsional angles and some bond angles of the con-
strained model. Among others, Deisenhofer & Steige-
mann (1975) applied this procedure together with
Fourier maps calculated with new phases after each
cycle to refine the structure of the pancreatic trypsin
inhibitor.

The structure refinement of macromolecules in
reciprocal space was pioneered by Watenpaugh, Sieker,
Herriot & Jensen (1973), who showed that it was pos-
sible to refine a protein structure by a least-squares



